Abstract. The Bianchi groups are a family of discrete subgroups of P SL 2 (C) which have group theoretic descriptions as amalgamated products and HNN extensions. Using Bass-Serre theory, we show how the cohomology of these two constructions relates to the cohomology of their pieces. We then apply these results to calculate the mod-2 cohomology ring for various Bianchi groups.
Introduction
The Bianchi groups are the groups Γ d = P SL 2 (O d ), where O d is the ring of algebraic integers of Q( √ −d), and d is any positive square-free integer. They can be thought of as generalizations of P SL 2 (Z), the modular group. These groups are classical objects, investigated as early as 1892 by Luigi Bianchi, who built fundamental domains for various values of d. Besides their obvious group theoretic interest, the Bianchi groups have been studied from other points of view, some as diverse as 3-manifold theory, the theory of automorphic forms [8] , and topological K-theory [4] .
In this paper we focus on the calculation of the Bianchi groups' cohomology rings. The difficulty in these calculations lies in that the Bianchi groups are infinite, for Z ⊂ O d and hence P SL 2 (Z) ⊂ P SL 2 (O d ). Many of the standard computational techniques of cohomology of groups work best for finite groups, as they depend on knowledge of Sylow p-subgroups or restriction maps to detecting subgroups. Such structures in infinite groups may be too complicated to work with or too difficult to find. The key fact that makes calculation possible for the Bianchi groups is that although these groups are infinite, they are built in stages out of relatively simple subgroups welded together through amalgamations and HNN extensions. We show how amalgamations and HNN extensions affect cohomology in general, then build the cohomology rings of the Bianchi groups in stages.
Some work in this vein has been done separately by Alperin [2] , Mendoza [9] , and Schwermer and Vogtmann [10] . Alperin calculated the integral homology of SL 2 (O 3 ) using a simplicial complex based on the group itself. Mendoza constructed a two-dimensional deformation retract of hyperbolic three-space which he used to perform various cohomology calculations with module coefficients. Schwermer and Vogtmann used this Mendoza complex to calculate the integral homology of the five Euclidean Bianchi groups, so named because the rings O d for these groups have a Euclidean algorithm. Vogtmann also used the Mendoza complex to find the rational cohomology of all Bianchi groups with d < 100 [14] .
Our approach uses group presentations, which provides both the mod-2 cohomology ring and its structure over the Steenrod algebra. This approach better shows how the cohomology classes fit together, as well as the extent to which the cohomology of finite subgroups controls the cohomology of the whole group. It also affords a check on the additive structure determined by Schwermer and Vogtmann in [10] .
We do all calculations with coefficients in the field of two elements, F 2 , unless otherwise indicated. This is an acceptable reduction for a couple of reasons. First, the calculations simplify considerably. Second, the only possible torsion elements in any Bianchi group have order two or three. From the list of finite subgroups one sees that most of the torsion is in fact of order two. Thus, the choice of F 2 coefficients still yields the majority of the total cohomological information about the Bianchi groups.
This paper is organized as follows: In the next section we develop the machinery we will need for the calculations. In the following three sections we do the actual cohomology calculations to get complete ring structures for the five Euclidean cases and three non-Euclidean ones. We cover the groups Γ 6 and Γ 2 in detail, then give rough outlines for the remaining cases.
The results in this paper are part of my doctoral dissertation completed at the University of Wisconsin, Madison under Alejandro Adem. He initially pointed me towards the Bianchi groups, and I thank him for his many helpful comments and suggestions.
Structure Results
The Bianchi groups are less exotic than they might at first appear. As O d is a ring of integers, the Bianchi groups are generalizations of P SL 2 (Z). For any square-free d, the ring O d has a particularly nice algebraic form: as a Z -module, [3] . In this way g acts by isometries on the Riemann sphere, C ∪ ∞, and this action can be uniquely extended to the hyperbolic upper half space
The Bianchi groups act properly discontinuously on H 3 , so one might hope to use the quotient space for calculations. Unfortunately, the quotient is open and hence not compact, making homology and cohomology calculations difficult. Mendoza overcame this problem by constructing an equivariant deformation retract of H 3 with compact quotient and CW structure [9] . With this complex and the stabilizers of the vertices and edges, one can calculate cohomology rings.
We take a more group theoretic approach, using presentations. The Bianchi groups in this article are built up from infinite cyclic and finite subgroups. This latter family is surprisingly small: one can show that the only possible finite subgroups of a Bianchi group are the cyclic groups of order 2 and 3, denoted Z/2 and Z/3; the elementary abelian group D 2 ∼ = Z/2 × Z/2; the symmetric group on three letters S 3 ; and the alternating group on four letters A 4 [8] . Subsets of this family appear in each of the Bianchi groups considered in this paper, and Γ 1 actually contains them all. Since the cohomology of the Bianchi groups depends on these finite subgroups, it is appropriate that we start with a description of these well-known mod-2 cohomology rings. 
Now choose a copy of Z/2 in A 4 . Since all elements of order two are conjugate, we can assume without loss of generality that x is the generator of H 1 (Z/2). Then res A4 Z/2 x = x, res A4 Z/2 y = 0, and the result follows. One can easily calculate the action of the Steenrod squaring operations on the generators of H * (A 4 ) from this description.
The Bianchi groups are formed in stages from their finite subgroups using two group theoretic constructions, the HNN extension and the amalgamated product. The latter is well known to topologists as well as algebraists, but the HNN extension is a little more unusual. We will use it often in our calculations, and so we review its definition, following the notation in Fine's book [6] .
Definition. Let G 1 be a group, G 2 a subgroup, and θ :
G is denoted by HN N (t, G 1 , G 2 , G 2 ). G 1 is called the base and G 2 is called the associated subgroup.
Calculating the cohomology of an HNN extension is not much harder than calculating the cohomology of an amalgamated product if one uses the Bass-Serre theory of trees [11] . Summarizing, a tree is a contractible CW complex consisting of zero-and one-cells. Bass and Serre show, for every amalgamated product, how Figure 1 . Quotient Spaces and Isotropy to construct a tree and action which has a line segment as a quotient, with the factor groups as the isotropy of the vertices and the amalgamated subgroup as the isotropy of the edge. Similarly, for HNN extensions the analogous construction yields an edge and a single vertex, i.e. a cycle, as the quotient. In this case, the associated subgroup is the isotropy of the edge and the base is the isotropy of the vertex (see Figure 1 ). After some homological algebra one can derive the following long exact sequence in cohomology.
Theorem 2.3 ([11]). For G as above, there is a long exact sequence in cohomology
Remark 2.6. The map β in Theorem 2.3 is a restriction map, so it respects cup products. Thus, as
, and this is an isomorphism of rings.
In the calculations to follow, most classes in H * (G) have non-trivial images under β, so most of the cohomology ring structure in the Euclidean Bianchi groups comes directly from the cohomology ring structure of the G v , the finite subgroups. At this point we add some notation. As restriction maps are induced by an inclusion map, i, we use i * to mean the restriction map on cohomology. We also need one more result, to determine products with classes which arise from the image of δ. 
These sequences and maps can be developed from other points of view. Using the trees associated to amalgamated products and HNN extensions, the equivariant spectral sequence associated to the quotient space collapses at the E 2 page to yield these results. For the amalgamated product, G = G 1 * H G 2 , it is also possible to use the commutative diagram of K(π, 1)'s:
where all the maps are injections [5] . This construction yields a Mayer-Vietoris sequence, and the properties follow. This point of view can facilitate some results, for example, an analog to the cohomology of a pointed sum of spaces: Theorem 2.8 ([5] ). The cohomology ring of a free product G 1 * G 2 with any coefficients R is the reduced sum of the cohomology rings of G 1 and
3. The Bianchi Groups Γ 2 and Γ 6
In this section we use results from the previous section to calculate H * (Γ 2 ) and H * (Γ 6 ). These are the most interesting (cohomologically) of the cases we consider so we do them in detail; with the exception of Γ 3 , the other Bianchi groups pose no new challenges.
and consider the subgroups
Then G is the amalgamated product
By Theorem 2.3 the cohomology of G, an amalgamated product, can be determined from the long exact sequence
The subgroup H ∼ = Z/2 is generated by AM , an element of order two which injects into both A 4 and D 2 . Let z 1 ∈ H 1 (Z/2) denote the dual of AM and let x 1 and y 1 ∈ H 1 (D 2 ) denote the duals of the group elements A and AM . Say that H * (A 4 ) is generated by u 2 , v 3 , and w 3 . By Lemma 2.2, the map α is defined on these generators by:
= 0 for all j > 0 by the naturality of the cup product. As α is a surjection in all degrees, the long exact sequence (3.1) breaks into short exact sequences
This implies H * (G) ∼ = ker(α), and by Remark 2.6 this is an isomorphism of rings. We identify five classes which we claim generate ker(α) as a ring: , for example, although finding a minimal set takes a little work. This is facilitated by using the Poincaré series,
It is easily determined by α, and can subsequently be used as a check to confirm that all generators and relations have been found. In this case,
With some effort we find the relations that agree with the series, which we state in the following lemma. We remove the bars on the classes.
, where R is generated by the set of relations u
, and
Most of the Steenrod squaring operations are clear:
To calculate H * (Γ 2 ) from H * (G) we use the long exact sequence for an HNN extension from Theorem 2.3: 
Note here that ker(α) is not a module over
, not 0, as one might expect. One can confirm that the classes
, and n 3 =v 3 = (0, v 3 ) all lie in the kernel of α. A Poincaré series argument shows that these classes generate most of the kernel as a ring, subject to the relations n 1 n 3 = m
In degrees two and higher α is a surjection, so H * (Γ 2 ) is entirely detected on the kernel of α from this point on, as the long exact sequence breaks into short exact sequences
There are a couple of classes in H * (Γ 2 ) to account for that arise when α is not surjective. In degrees zero and one α factors through zero, yielding δ(1) ∈ H 1 (Γ 2 ), which we call σ 1 and δ(w 1 ) ∈ H 2 (Γ 2 ) which we call σ 2 . The class δ(1) will appear in all HNN extensions, as it arises from the geometry of the group (the map β is always an isomorphism at the zero level). These "HNN classes" are exterior, for α always factors through zero in degree 0 in the long exact sequence for an HNN extension, even with integral coefficients. In this latter case, the resulting class is exterior for dimensional reasons. The class δ(1) corresponds to this class under the universal coefficient theorem, and so will be exterior as well.
To determine other products, notice that δ factors through zero in degrees two and higher, and that all products with the σ i must lie in the image of δ by the naturality of β. Thus σ 2 2 = σ 1 σ 2 = 0, leaving σ 1 n 1 = σ 2 as the only possible product. That this product is non-trivial follows from Proposition 2.7. The class
A calculation of the Poincaré series confirms that we have the complete ring. We keep the classes σ 1 and σ 2 separate from the calculations for readability. We get Most of the Steenrod squares are straightforward to calculate, but we do show one, Sq 1 m 2 :
And the rest: [7] . Let G be the subgroup generated by the group elements A, B, M, R, S and their relations. The following subgroups of G,
. The associated subgroups of the HNN extensions, A, S and M, RB , are both isomor-
. Thus the cohomology of Γ 6 is calculated in three steps. Let x 1 , y 1 , and z 1 denote the duals in cohomology of the group elements A, M and B respectively, and let the copies of H * (A 4 ) in G 1 and G 2 be generated by the classes u 2 , v 3 , and w 3 , and p 2 , q 3 , and r 3 . Finally let H 1 (Z) be generated by t 1 . By Theorem 2.3, H * (G) fits into the long exact sequence
The map α is the difference of restrictions given by Theorem 2.2:
So α is a surjection in degrees two and higher, with classes x 1 , y 1 ,ū 2 = u 2 + p 2 ,v 31 = v 3 ,v 32 = q 3 , andw 3 = w 3 + r 3 in the kernel. There are also two classes in degree two that arise as images of δ: σ 2 = δ(z 1 ) and τ 2 = δ(t 1 ). All products with τ 2 vanish, as this is the only class that originates from a torsionfree subgroup. Products with σ 2 also vanish, as in the case of Γ 2 . The relations u We add the group element U and calculate the cohomology of the first HNN extension, H * (G 3 ). Recall that the associated subgroup, P SL 2 (Z), is generated by A and S. We only need consider U 's action on A, as S is of order 3. Let u 1 be the element in H 1 (G) dual to the group element A, let i : P SL 2 (Z) → G 3 be the injection, and let U −1 AU = M induce the twisting. H * (G 3 ) fits into the long exact sequence from Theorem 2.3,
The map α is the difference of the restriction map i * and the twisting map θ * . As A generates one copy of Z/2 in G, it follows that i
, and α is a surjection in degrees 1 and higher. The kernel of α is generated by x 1 + y 1 , u 2 , v 3 , v 3 , and w 3 . The above long exact sequence breaks into short exact sequences,
To simplify, letx 1 = x 1 + y 1 and σ 1 = δ(1).
where R is generated by the relations u For Γ 6 ∼ = HN N (W, G 3 , P SL 2 (Z), P SL 2 (Z)), let w 1 denote the dual of the group element M in H 1 (P SL 2 (Z)), where P SL 2 (Z) is generated by M and RB. Note that the cohomology classes x 1 and y 1 are dual to A and M , and that neither A nor M is contained in a copy of A 4 
Thus α is zero onx 1 and all other generators of H * (G 3 ), yielding short exact sequences
This produces the exterior HNN class δ(1) = τ 1 ∈ H 1 (Γ 6 ) and δ(w
These classes generate new products that did not occur in the Bianchi group
7 also implies that all other products with τ 1 are zero, as no other class is in the image of δ. These Bianchi groups use the same techniques as the Bianchi groups in the previous section. The calculations for the first two groups, non-Euclidean cases, are more complicated, so we include more details for the determination of their cohomology rings. The last three groups are comparatively simple; we only give a quick summary of the calculations.
The Case Γ 5 . The presentation for Γ 5 is A, B, M, R, S, U, W
; A 2 = B 2 = M 2 = R 3 = S 3 = (AB) 2 = (BM ) 2 = 1, AS = M R, U −1 AU = M, U −1 SU = R, W −1 M BW = AB, W −1 RW = S [7]. Γ 5 , like Γ 6 ,
is a double HNN extension with base G = A, B, M, R, S; A
Let G be the amalgamated product 
Here α is the difference of restriction maps induced by the two inclusions
The map α is surjective except in degree one; the three classes p 1 = (x 1 + y 1 , 0), q 1 = (0, s 1 + t 1 ), and r 1 = (x 1 , t 1 ) generate the kernel of α as a ring up to nilpotent elements with one relation, p 1 q 1 = 0. We obtain an additional class, σ 2 ∈ H 2 (G). This is the image of c 1 under δ, which is not in the image of α as it is the only cohomology class which does not originate from a finite subgroup. As in the case Γ 2 , all products with this class are trivial.
where R is generated by the relations p 1 q 1 = 0 and all products with σ 2 trivial.
For G 3 ∼ = HN N (U, G, P SL 2 (Z), P SL 2 (Z)), denote by u 1 the element in H 1 (P SL 2 (Z)) dual to the group element A. We use the long exact sequence associated to the HNN extension
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Let σ 1 = δ(1) ∈ H 1 (G 3 ) be the exterior HNN class. From the injection i :
* sends x 1 , the element dual to A in H 1 (G), to u 1 . The twisting part of α is induced by U −1 AU = M , so θ * sends t 1 to u 1 . This completely describes α, but as in the case of Γ 2 we must take some care when we describe how α acts on products of generators of H * (G). We find that α(r 1 ) = α(x 1 , t 1 ) = u 1 + u 1 = 0, but for products with i > 0 we have α(p
The classes l 1 = p 1 + q 1 = (x 1 + y 1 , s 1 + t 1 ), m 1 = r 1 = (x 1 , t 1 ) , and m 2 = p 
Lemma 4.2. H
be the exterior HNN class. Also let w 1 ∈ H 1 (P SL 2 (Z)) denote the dual of the element M B and recall that W sends M B to AB, and R to S. We only need consider the first two elements, as the latter two are of order three. From the inclusion i : P SL 2 (Z) → G 3 and the twisting of W , we have that i * (s 1 ) = θ * (y 1 ) = w 1 . Thus α(s 1 ) = α(y 1 ) = w 1 , and α(t 1 ) = α(x 1 ) = 0. In particular, α(m 1 ) = α(x 1 , t 1 ) = 0, and the image under α of any product in H * (G 3 ) containing m 1 will also be zero, as its first component will be divisible by x 1 and its second by t 1 . For other products,
The map α is a surjection except in degree one, which yields the class 
The Steenrod operations: 
with other relations involving D, U , and W that we give in their respective extensions [7] . The base group G 0 has the presentation A, B, L, S;
, which we break into pieces:
With this decomposition,
The first HNN extension, G 1 , adds the element D.
Its presentation is
, the second HNN extension, adds the group element U . In particular,
where B, D −1 SD is isomorphic to P SL 2 (Z). The calculations for H * (G 0 ) are almost identical to those in the first stage of the calculation of H * (Γ 5 ), as G 03 is not detected with F 2 coefficients. Let s 1 and t 1 be the duals in cohomology of the group elements A and B in G 01 , let x 1 and y 1 be the duals of the group elements A and L in G 02 , and let z 1 be the dual of the group element A in H. In the long exact sequence of Theorem 2.3, α is a surjection with kernel generated byx 1 = (x 1 , s 1 ),ȳ 1 = (y 1 , 0), andt 1 = (0, t 1 ). These classes satisfy the relationȳ 1t1 = 0. Now G 1 is an HNN extension of G 0 where the element D twists a subgroup isomorphic to Z. From the long exact sequence
we see that the cohomology of G 1 is essentially the same as the cohomology of G 0 , except for two new classes in H * (G 1 ): the HNN class σ 1 = δ(1), and σ 2 = δ(c 1 ) where c 1 ∈ H 1 (Z). All non-trivial products with these classes must lie in the image of δ by naturality, so the only possible relation is σ 
where R is generated by the relationsȳt = 0, and all products with σ 1 and σ 2 zero.
The calculations for H * (G 2 ) are more involved. In the associated subgroup, 
. By similar arguments as before, products with these classes are trivial. 
Not only does this ring closely match H * (Γ 5 ), but the Steenrod squares are identical. §4.4) . Consider the subgroups
The Case
The Bianchi group Γ 1 is the amalgamated product G 1 * H G 2 , where G 1 and G 2 are themselves amalgamated products and H is the modular group:
It is elementary to verify that if the amalgamated subgroup is cohomologically trivial, then Theorem 2.8 holds and the cohomology of the group is the reduced sum of the cohomology of the factors. In our case, Z/3 has order prime to 2, so
. For the final amalgamation, one finds that
. This isomorphism also extends to cup products and Steenrod squares. 
The new presentation for
We can write G as the amalgamated product
The cohomology of the base group G is directly calculated using Theorem 2.8, as Z/3 has trivial cohomology in F 2 coefficients.
This yields 3 , w 3 , s 3 ]/R, where R is the set of relations u To find Γ 11 , we fit this information into the long exact sequence
The map α is the difference of restriction and twisting maps. Notice that the group element A is an element of order two in both P SL 2 (Z) and G 1 , and that W 's twisting, W −1 AW = M , sends an element of P SL 2 (Z) to an element of G 2 . Let
The map α is a surjection in degrees two and higher, with classesū 2 = (u 2 , q 2 ),v 31 = (v 3 , 0),v 32 = (0, r 3 ), andw 3 = (w 3 , s 3 ) in the kernel. We get two other classes, the HNN class δ(1) ∈ H 1 (Γ 11 ), and δ(w 1 ) ∈ H 2 (Γ 11 ) which we call σ 1 and σ 2 . By similar arguments as in the case Γ 2 , all products with these classes are zero. The relationsū The reader may wish to compare these calculations with the case Γ 6 , which has similar classes arising from an amalgamated product. For readability, we remove the bars from all classes, rename v 31 by v 3 , and rename v 32 byv 3 . We do not include the Steenrod squares, as these are identical to the case Γ 6 .
where R is generated by the set of relations u As before, G ∼ = S 3 * Z/2 S 3 and Γ 7 = HN N (W, G, P SL 2 (Z), P SL 2 (Z)), where P SL 2 (Z) = A, S . This case is similar to, but easier than, the case Γ 11 . Briefly, one finds that H * (G) ∼ = Z/2, and that the map i * : H * (Γ 7 ) → H * (P SL 2 (Z)) is non-zero. We use Flöge's presentation for the group, [7] . We break this into subgroups,
These subgroups fit into a "triangular product," which is related to an amalgamated product. Optimistically, as in the other cases, this group would act on a tree with a cyclic quotient and the above groups as isotropy. Unfortunately, we have the following result, due to Serre. identical to the case Γ 11 , as are the final ring structure and the Steenrod squares. We refer the reader to the details of that case, and simply state the result. The Poincaré series provides a check on previous calculations of the homology of the Bianchi groups. Using the universal coefficient theorem, one can relate homology with Z coefficient to our cohomology calculations. This shows that there are a few inaccuracies in [10] . In particular, the results for H * (Γ 1 ) are short a copy of Z/2 in dimensions 5 and 9 mod 12; and for the case Γ 3 there are two copies too many in dimensions 6 mod 12.
